The partial transpose by which a subsystem's quantum state is solely transposed is of unique importance in quantum information processing from both fundamental and practical point of view. In this work, we present a practical scheme to realize a physical approximation to the partial transpose using local measurements on individual quantum systems and classical communication. We then report its linear optical realization and show that the scheme works with no dependence on local basis of given quantum states. A proof-of-principle demonstration of entanglement detection using the physical approximation of the partial transpose is also reported.
INTRODUCTION
One of the major challenges in quantum information processing is to characterize capabilities in manipulating quantum states for information tasks. The postulates of quantum theory in fact dictate which operations are allowed to do, or not. The transpose is one of the non-physical cases, and the reason lies at the most fundamental level of quantum theory: a combination of unitary and anti-unitary transformations is not a transformation that preserves physical symmetries. 1 An example of the case would be with the identity and the transpose, denoted by 1 ⊗ T and called the partial transpose by which only a subsystem's state is transposed. As pointed out by Peres, the partial transpose (PT) operation which is of fundamental interest, albeit non-physical, has an important application in detecting entanglement of quantum states.
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Entanglement is generally a resource for quantum information applications. 3 Indeed, all entangled states are useful for certain information tasks, e.g. quantum teleportation. 4 Given composite quantum systems for such applications, it is then required to determine if they are in entangled states rather than to identify their quantum states. This naturally defines the so-called direct detection of entanglement. 5 Due to the impossibility of directly applying the PT in experiment, much effort has been devoted to developing an experimentally feasible formalism, entanglement witnesses that are based on local observables rather than operations. 6 In Ref. 7, Horodecki and Ekert proposed a method called structural physical approximation (SPA) by which non-physical operations that can detect entangled states such as the PT can be systematically approximated by physical operations. Moreover, SPAs to these operations can be factorized into local operations and classical communication (LOCC). 8 Being based on applications of operations rather than observables, entanglement detection using SPAs works with no dependence on local basis of given quantum states. 9 Using the SPA to PT (SPA-PT), therefore, all entangled states of two qubits as well as other useful entangled states in high-dimensions can be detected. 10 On the practical side, it was recently suggested in Ref.
11 that SPAs to optimal positive maps can be in general replaced by quantum channels of measurement followed by preparation of quantum states. This in fact significantly improves the experimental feasibility of the direct detection of entanglement using SPAs within present-day technology. It was also shown that the SPA-PT can be done in the same way.
Therefore, for an operation-based approach to the direct detection of entanglement, 7 it is of utmost importance to devise a practical SPA-PT scheme and demonstrate its feasibility towards entanglement detection. We also emphasize from the fundamental point of view that, realizing non-physical operations (i.e. not allowed in quantum theory) in their approximate and optimal forms would characterize and confirm how far one can go in manipulating quantum states for information tasks within the fundamental limit. So far, apart from the experimental feasibility per se, little is known about how to carry out the SPA-PT in practice with minimal experimental resources.
In this Letter, we provide and demonstrate a practical scheme to realize the SPA-PT for two-qubit states, based solely on local measurements and classical communication. The experimental demonstration of the SPA-PT scheme is performed in photonic systems, i.e., using single-photon polarization qubits and linear optical devices. The results show that the proposed scheme works equally well for all Bell-states, indicating no dependence on local basis. Finally, a proof-of-principle demonstration of entanglement detection using the SPA-PT is shown. 13 For linear maps 1 ⊗ Λ that can detect entangled states, the SPA then works as 1 ⊗ Λ = (1 − p)1 ⊗ Λ + pD ⊗ D with minimum p ≥ 0 and moreover can be factorized into a form of LOCC. 7, 8 Having collected all these facts and applying to the case of the PT, one can derive the following decomposition for the SPA-PT for a two-qubit state ρ AB ,
THEORETICAL SCHEME
where T and Θ denote SPAs to the transpose and to the inversion, respectively, where the inversion Θ[ρ] = −ρ.
The SPAed transpose T , as shown in Ref.
11, corresponds to a channel based on measurement and preparation of quantum states and it can be written as
i − e −iπ2/3 |1 ,
i + e −iπ2/3 |1 ,
k=1 is a complete measurement. The SPAed inversion Θ also corresponds to a channel based on measurement followed by state preparation, and can be expressed using the Pauli matrix σ y as,
REALIZATION
The SPA-PT in eq. (1) can be implemented by applying 1 ⊗ T and Θ ⊗ D with probabilities 1/3 and 2/3 respectively, see Fig. 1 (a). The local operations are actually (single-copy) measurements followed by state preparation, see Fig. 1 (b) and (c). Measurement M k , i.e. on the basis |v * k = U k |0 , is performed by unitary transformation U k and measurement in the computational basis. The preparation step can be done by transforming a state collapsed by measurement, to a corresponding one using optical elements.
14 For photonic polarization qubits, |0 = |H and |1 = |V , waveplates and a polarizer are optical elements to perform unitary transformations and the measurement in the computational basis, respectively. If a single-photon is found after passing through a set of waveplates for U k and a polarizer aligned for measurement in |0 0|, it would mean that the qubit has collapsed to the state |0 due to the measurement. The collapsed state |0 would then be used for state preparation according to T or Θ, see The details for the experimental realization are the following. A two-qubit state is prepared using the spontaneous parametric down-conversion (SPDC) process. A 6 mm thick type-I BBO crystal is used in the frequency-degenerate, non-collinear phase matching condition. The BBO crystal was pumped by a 405 nm diode laser beam (100 mW) and the SPDC photon pairs were centered at 810 nm. All four two-qubit Bell states (i.e., two-photon polarization Bell states) are then prepared with quantum interferometry. 15 We observed around 900 Hz coincidence counting rate using 5 nm full width at half maximum bandpass filters.
Let us now demonstrate the SPA-PT scheme for Bell states |φ ± = (|00 ± |11 )/ √ 2, |ψ ± = (|01 ± |10 )/ √ 2. These states are particularly chosen to show that the performance depends largely on correlations existing in quantum states but not their local basis. This is indeed an important feature toward efficient detection of entanglement.
9 In experiment, the initially prepared Bell states and the resulting states after the SPA-PT are identified using quantum state tomography (QST). 16 The experimental results are shown in Fig. 2 .
To quantify the performance, we compute the Uhlmann's fidelity F (ρ, σ) = tr √ ρσ √ ρ 2 between two states, one from the experimental realization (1 ⊗ T ) exp and the other from the ideal one (1 ⊗ T ). 17 For the states |φ ± , |ψ − , our experiment shows F = 0.999, and for |ψ + , F = 0.998. These results show that for the proposed SPA-PT scheme only based on LOCC, the experimental realization works faithfully without a dependence on local basis.
APPLICATION
So far, a scheme to realize the SPA-PT based on single-copy measurement and preparation of quantum states is proposed and its experimental realization is shown. An important application of the SPA-PT, as it was originally proposed for, is entanglement detection of unknown quantum states. 7 Applying the PT to a two-qubit state, a negative eigenvalue is a sufficient condition to conclude that the state is entangled. When applying the SPA-PT, the condition would be an eigenvalue smaller than the portion of admixed noise. It is an eigenvalue found to be smaller than 2/9 for two-qubit states.
7 Thus, once the SPA-PT is applied to unknown two-qubit states, to determine if they are entangled requires to estimate minimum eigenvalues of resulting quantum states.
It has been known that a general method to obtain the minimum eigenvalue of unknown quantum states requires collective measurement for which one should be able to store quantum states for a while. 18 Since the SPA-PT is now performed by local measurements, the spectrum estimation no longer requires collective measurement on resulting quantum states. This simplifies experimental resources and thus hugely improves the practical . The resulting states after applying the SPA-PT are identified by QST, shown in the 3rd column. Note that only real parts of the density matrices are shown as the imaginary parts are almost zero. These can be compared with the ideal case of the PT, shown in the 2nd column.
feasibility.
11 Estimating eigenvalues of resulting states after SPA-PT then defines a classical optimization problem over measurement outcomes.
Here, the goal is a proof-of-principle demonstration for detecting entanglement (of unknown quantum states) from measurement outcomes of the SPA-PT only. To this end, we consider a "brute-force" approach in the following, in the sense that the cost such as measurement settings is not optimized in terms of its efficiency at 
From these probabilities, it is possible to reconstruct an operator after the SPA-PT in eq. (1) and determine the eigenvalues using determinant. The details are shown in the Appendix.
The above "brute-force" method is applied to demonstrate entanglement detection of two-qubit states in the following form: ρ(p, α) = (1 − p) |ψ ψ| + p ψ ⊥ ψ ⊥ where |ψ = α|01 − 1 − |α| 2 |10 . We generated nine different quantum states ρ k (p, α) (for k = 1, · · · , 9) and identified them using QST: Fig. 3(a) , these states {ρ k } 9 k=1 are shown in terms of the linear entropy S L (as a measure of mixedness) and the tangle τ as an entanglement measure.
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For those quantum states {ρ k } 9 k=1 , we compare three cases of entanglement detection: a theoretical predic- Table 1 . Minimum eigenvalues λmin obtained using three different methods described in the text for four Bell states shown in Fig. 2 . In all cases, λmin is much smaller than the threshold 2/9 ≈ 0.222 and, in fact, very close to the maximal entanglement case, 1/6 ≈ 0.167.
tion, experimental results by realizing the SPA-PT, and the "brute-force" approach. Therefore, the minimum eigenvalue denoted by λ min is obtained for each case, as follows: λ Th min refers to the one from the ideal (theoretical) SPA-PT of the input state ρ k , λ Exp min is computed from the QST of the resulting state after the SPA-PT in experiment, and λ D min is from the above-mentioned "brute-force" method. In Fig. 3 (b) , all these are compared in terms of the minimum eigenvalues and the tangle τ . We have also performed these for four Bell states and the results show that all minimum eigenvalues are indeed smaller than 2/9, see Table 1 . With these extensive examples, we have verified experimentally that a method for entanglement detection using the SPA-PT does largely depend on correlations existing in quantum states.
CONCLUSION
We have provided a practical scheme to realize an approximate PT via the SPA and shown its linear optical realization for two-qubit states of photonic systems. Contrast to entanglement witnesses, it is shown that the realization works without a dependence on local basis. Since the scheme is based on local measurements and classical communication, it can be applied to long-distance quantum information tasks. As the partial transpose is an instance in Ref. 11, the presented construction can be generalized to realizing other non-physical operations that can detect entanglement in high-dimensional and multipartite quantum systems.
For a number of entangled states, we have reported a proof-of-principle demonstration of entanglement detection using the SPA-PT. With further classical optimizations, applications of the SPAs would lead to efficient and practical methods of detecting entanglement with much dependence on correlations existing in quantum states rather than on local basis.
A useful application would be secure quantum communication where, an adversary having an ultimate power to control quantum channels may change local basis such that entanglement cannot be detected by an employed detection method, e.g. entanglement witnesses. 21 In various contexts of quantum information processing, entanglement detection is generally and often a basic task required for quantum information applications. Accordingly, it would be interesting to optimize the cost for the detection (such as measurement settings) with respect to the efficiency.
Appendix: Application to detecting entanglement
The SPA-PT was originally proposed in Ref. 7 to directly making use of the PT in experiment such that entanglement can be directly detected in experiment. Compared to entanglement witnesses, this method is closer to the detection based on so-called positive but not completely positive maps, 10 in the sense that entangled states are detected by operations rather than expectations to some specified observables. To be explicit, entanglement witnesses for bipartite quantum systems are constructed as follows. Given a positive map Λ that is not completely positive, let
0}, the set of entangled states detected by the map. In other words, there exist a set of projectors, S Q = {Q tr[Q(1 ⊗ Λ)[ρ]] < 0}. Then, the witnesses are constructed as,
. Therefore, one can apply either the operation Λ or its dual S W to detect entangled states S Λ . The advantage of an operation-based method is that, contrast to the witnesses, the detection does not depend on local basis.
An operation-based entanglement detection, in particular the SPA-PT, in Ref. 7 can be summarized as follows. Implementing the SPA-PT to a number of quantum states, the resulting states are stored in quantum memory. Then, for those states, optimal spectrum estimation is applied using collective measurement. While measurement outcomes of the collective measurement in Ref. 18 directly give the minimum eigenvalue that answers if given quantum states were entangled or separable, quantum memory required to apply the collective measurement is an experimentally challenging issue to date. It was shown in Ref. 12 that the SPA-PT for two-qubit states can be done by measurement and preparation of quantum states. Recently in Ref. 11 it was shown that the SPA-PT can generally be done within present-day technology, that is, via measurement followed quantum state preparation. Therefore, all these lead to defining an optimization over measurement outcomes that gives a minimum eigenvalue. These are explicitly constructed in eq. (1).
The goal is the proof-of-principle demonstration that the SPA-PT can be applied to entanglement detection. We provide a function by which a minimum eigenvalue can be computed only from measurement outcomes. This can thought of as a "brute-force" approach to detect entanglement since all measurement outcomes are considered. Optimization of the number of measurement basis needed with respect to its efficiency in detecting entanglement, i.e. number of entangled states that are detected, is to be done with further investigation. Remind that, for a given state ρ, probabilities are obtained from measurements, p ij = tr M k ⊗ (q k |0 0| + r k |1 1|).
Compute λ = min{κ det (F − κI) = 0}, i.e. the eigenvalue that determines if the state ρ is entangled or not. If it is larger than 2/9, the state is separable, otherwise, entangled. Note that this may not coincide to eigenvalues obtained after QST since that the usual QST method, e.g. maximum likelihood estimation, is not applied here. It remains open to minimize or characterize the number of measurement basis to detect specific instances of entangled states. This also devises the function of measurement outcomes in the above. In the above, it is demonstrated that with a number of measurement outcomes only and a function of them, it can be determined if given quantum states are entangled or not.
